We study a Hanany-Witten set-up relevant to N = 2 superconformal field theories. We find the exact near-horizon solution for this 11-dimensional system which involves intersecting M5-branes. The metric describes a warped product of AdS 5 with a manifold with SU(2) × U(1) isometry.
Introduction
Intersecting branes are ubiquitous in string theory. Although much effort has been put into finding supergravity solutions of these systems, only solutions with branes localized in the overall transverse [1] dimensions and those with at most one set of completely localized branes are known [2] - [10] . The cases where all branes are localized have so far eluded solution.
In the past year some progress has been made in finding solutions of partially localized intersecting branes. Some of these results can be found in [2] - [10] . An interesting development has been to interpret brane delocalization physically [11] . In this approach the delocalization seen in the supergravity solution is interpreted via the AdS/CFT correspondence of Maldacena [12, 13] as a Coleman-Mermin-Wagner theorem in the field theory. These results do not directly apply to the case we study and we will see that our near-horizon geometry describes completely localized branes.
In this paper we report an exact solution of 11-dimensional supergravity for a system of intersecting M5-branes in the near-horizon limit. The particular system we study is the supergravity dual of N = 2 superconformal field theory with gauge group SU(N) and N f = 2N fundamental flavors. This paper is a continuation of our work [6] in which we solved the supersymmetry preservation conditions for the system. The full solution requires solving for a Kähler metric satisfying a non-linear partial differential equation in 7 variables! In our previous paper [6] we solved this equation in an approximation where one set of branes were localized while the second set were smeared out over the worldvolume directions of the first set (these partially localized solutions were also found independently in [5, 7] .) This equation was studied in [8] to yield an iterative expansion around the asymptotically flat region. This is the opposite limit to the one we pursue here. In the present paper we solve this differential equation exactly in the near horizon limit which is relevant to the AdS/CFT duality [12] .
The paper is structured as follows. We start with a brief description of the system under study. We then take a scaling limit where the Planck scale is taken to infinity while keeping field theory quantities fixed. Finally, we solve for the metric in this "near-horizon" limit, finding a warped AdS geometry. Warped AdS metrics have recently been discussed in the context of the AdS/CFT correspondence and semi-localized intersecting branes [14, 15] for brane configurations similar to ours. We conclude with some comments.
The system
In this section we set up the problem and summarize some results from [6] which we will need.
One way of studying N = 2 gauge theories is to generalize the HananyWitten [16] set-up to a system relevant to four dimensional gauge theories [17] . The idea [17] is to suspend D4-branes between a pair of NS5-branes which are separated by a finite coordinate distance L. The gauge theory living on the D4-branes will be, in the infrared, a four dimensional YangMills theory with N = 2 supersymmetry and gauge group SU(N). There are many ways of introducing fundamental matter, but the easiest method is to introduce semi-infinite D4-branes on either side of the NS5-branes. The gauge D4-branes detect the semi-infinite D4-branes through strings which have ends on both types of D4-branes. These strings carry Chan-Paton factors with respect to the gauge groups of both types of D4-branes. From the gauge theory point of view these represent fundamental matter transforming in the fundamental representation of (a subgroup of) the flavor group.
Witten pointed out that this system can be lifted to M-theory where this web of D4-branes and NS5-branes can be viewed as a single M5-brane wrapping a non-compact Riemann surface which coincides with the SeibergWitten Riemann surface. The same picture was derived in a different way in [18] .
In the remainder of this paper we will study a configuration of branes consisting of a set of coincident infinite D4-branes intersecting a pair of separated NS5-branes. This configuration can be viewed as one particular realization of SU(N) gauge theory with N f = 2N according to the recipe described above. Our set-up can be arrived at from any generic Hanany-Witten configuration describing this field theory by moving the D6-branes (on which the semi-infinite D4-branes end 'at infinity') through the NS5-branes so that we have an equal number of semi-infinite D4-branes on both sides. We have also tuned the moduli so that all the D4-branes are coincident and collinear. In the gauge theory this corresponds to both tuning the bare masses of the fundamental matter to zero and sitting at the origin of the Coulomb branch where the gauge group is enhanced to the full SU(N). When viewed from the point of view of M-theory this looks simply like a system of intersecting M5-branes.
It is convenient to pick a coordinate system such that the N D4-branes have world-volume directions along is compactified to give type IIA string theory while the M5(2) branes are localized in the compactified x 7 direction and become NS5-branes. It is convenient to define a complex structure in the subspace x 4 , x 5 , x 6 , x 7 as follows:
We also take x 7 to be a compact direction with radius R. In [6] we solved the supersymmetry variation equations for M5-brane configurations which preserve at least 8 real supersymmetries. The general solution is given by the metric:
and the 4-form field strength:
The Greek indices run over the overall transverse coordinates x 8 , x 9 , x 10 . Both the metric and 4-form are expressed in terms of the Kähler metric g mn . The source equations for the 4-form F force g mn to satisfy the non-linear partial differential equations:
where J is the source specifying the positions of the M5-branes. The quantity g appearing in the above equations is the square root of the determinant of the Kähler metric: g = g vv g ss − g vs g sv .
For the particular configuration that we will be studying the source equations are:
where ∇ 2 is the flat Laplacian in the overall transverse space. To summarize, a given M5-brane configuration determines a source J in (7) . Solving this source equation for the metric g mn then determines all other quantities in the supergravity solution.
3 Field theory ("near-horizon") limit Maldacena proposed a certain scaling limit of string theory quantities [19, 12] to isolate the world-volume gauge theory from bulk interactions. The idea is simply to take a limit in which the Planck length goes to zero while keeping field theory quantities fixed. In [6] we pointed out the relevant scalings of supergravity variables in type IIA theory. We can express these scalings in M-theory units by defining w, t and y as follows:
Note that w and y are complex variables while t is a real variable. The field theory limit is one in which we keep w, y, t fixed while taking l p to zero. We take the metric to be:
Where now m, n run over y, w, g = g ww g yy − g wy g yw and dΩ 2 2 is the metric on the round unit 2-sphere. The source equations become:
where g 2 Y M = R/L is the Yang-Mills coupling constant in the field theory. We have also assumed that the metric depends only on the "radial" coordinate t and not the "angular" variables in the overall transverse directions. This is consistent with the requirement of having an SU(2) isometry corresponding to the field theory R-symmetry.
We end this section with some comments. The source equations now have no powers of the Planck length l p , they are expressed in terms of quantities which have a field theory interpretation. This will allow us to express the metric in terms of only these rescaled variables with no further dependence on l p aside from the overall multiplicative factor. Secondly, we would like to point out that while the initial set up treated the M5(1) and M5(2) branes on an equal footing, the scaling limit we take breaks that symmetry. This is clear from the type IIA picture since there the D4-branes play a distinguished role in that the field theory of interest lives on their world-volume.
Near-horizon geometry of intersecting M5-branes
Since we are looking for a supergravity dual of a four-dimensional conformal field theory, we expect a solution where the metric contains an AdS 5 factor. The most general metric of this type is:
where the metric for the six-dimensional transverse space and Ω are independent of the AdS 5 coordinates. It is convenient to choose variables where there is only one dimensionful variable. We choose to do this by defining ρ with dimensions of mass and dimensionless angular variables θ and φ by:
Now we see on dimensional grounds that u must be related to ρ by u = ρα where α is some function of the dimensionless variables θ, φ, y andȳ. By substituting this expression for u into the above metric, we can compare the metric components with those in the known form of the solution, eq. (10). In particular, by examining the factor multiplying dx 2 3+1 and the metric components g ρρ , g ρy , g ρθ and g ρφ we find:
Since we are looking at N = 2 superconformal field theories we would like to preserve a SU(2) × U(1) isometry. This we have incorporated in the above ansatz by requiring that the metric preserve a U(1) which rotates w by a phase and the SU(2) symmetry of the transverse 2-sphere. In fact, these symmetries are consequences of our required form of the metric. For example we see that α is independent of φ and the equation for ∂ θ α shows that Ω must also be independent of φ.
If we assume, for the moment, that Ω is constant 1 , say Ω 0 , we can solve for the θ-dependence of α (which we denote by α 0 ) in terms of an arbitrary function A(y,ȳ):
We can then write the above equations as:
where we have defined:
The metric component g yȳ can be determined from the determinant g and the other components of the metric given in the above equations. However, the metric determined in this way fails to be Kähler 2 . It is easier instead to determine g yȳ by requiring the metric to be Kähler. The Kähler condition is satisfied if:
provided that A = |F (y)| 2 , where F is a holomorphic function of y. One can easily check that the source equations are satisfied everywhere away from the support of the delta functions 3 . The metric as it stands now has a vanishing determinant so it is not a valid solution. However, it is easy to see that the metric can be modified in such a way as to get the correct determinant while continuing to satisfy the source equations. The idea is simply to add to all the metric components additional terms which are themselves Kähler (so as not to destroy the Kähler properties of our initial ansatz), such that the determinant is correctly reproduced. The source equations will continue to be satisfied provided these additional terms do not depend on t. From these simple requirements one determines the solution:
Where f (y) is a holomorphic function determined from the requirement that the determinant has the form (17) . This requirement can be stated succinctly as a differential equation:
The general solution of this equation is:
where a is an arbitrary constant of integration.
Note that the additional terms in the metric (involving f ) are independent of t (r in the original coordinates) while the other terms in g mn can be expressed in the form g∂ m ∂n(|F w 2 | 2 ). So the source equations can be conveniently written as:
It is now a straightforward calculation to check that these equations are satisfied with the source terms:
The source equations determine F (and consequently also f ) since the M5 (2) branes are localized at the zeroes of F , as well as fixing the constant:
We will now give the explicit form of the metric, exhibiting the warped product structure before solving for F . We will then consider the form of F in the large radius limit before solving it in the general case.
Warped anti-de Sitter structure of the metric
According to Maldacena's conjecture [12] conformal field theories have antide Sitter supergravity duals. Our metric is not a product manifold of anti-de Sitter space with a transverse manifold, but as mentioned earlier in this section, the metric can be written as a warped product consistent with Maldacena's conjecture. To see this warped product structure, one simply returns to equations (15) and solves for α and Ω using the explicit metric appearing in (22). This yields:
These expressions are consistent with all the metric components derived and it can easily be checked that ∂ θ α has the correct form required by eq. (15) . The metric, therefore, can be written as a warped product of AdS space with a transverse manifold. The metric, while messy, can be written relatively concisely if one expresses it in terms of α and Ω:
Everything is now determined explicitly in terms of F (y). We will now consider the form of F in various cases, including the simple generalisation to conformal theories with gauge group SU(N) n .
Large R or M-theory limit
In the limit that R, the radius of x 7 , becomes infinite we can ignore the periodicity of y: y → y + i2π. Notice that the field theory is not sensitive to the value of R but only to the ratio R/L which determines the gauge coupling constant. We are thus simultaneously taking L to infinity while keeping R/L fixed. In this limit we can solve for F taking into account the normalization of the sources:
Using this explicit expression we can calculate f :
where F denotes the hypergeometric function. It is easy to see how one can generalize this to an arbitrary number of M5(2) branes. If there are n M5(2) branes located at y = y i then:
We can then determine, at least in principle, f from this expression. The dual conformal field theory will have a product gauge group SU(N) n−1 with the gauge coupling of the i'th factor being given by:
Solution for arbitrary R
As noted above the zeroes of F determine the locations of the M5(2) branes. From the previous section it is easy to see how to generalize to an arbitrary radius of x 7 (i.e. when we take into account the periodicity of y). For our sources with periodic y the correct F is:
In this case we have not been able to express f in terms of a known function but it is still given by the integral in (24). One can similarly generalize this for a collection of n M5(2) branes:
This again determines f in principle through eq. (24).
Conclusions and discussion
In this paper we presented an exact solution of 11-dimensional supergravity describing localized intersections of M5-branes. The solution has some surprising features worth pointing out. The geometry of our intersecting brane configuration is a warped anti-de Sitter product geometry, consistent with the fact that the dual quantum field theory is a conformal field theory.
Another feature concerns the 't Hooft coupling. Taking the large N limit to remain in the domain of validity of supergravity does not imply anything about the value of g
This ratio is an arbitrary constant. In the solutions known thus far for 4-dimensional field theories the relevant combination appearing in the supergravity solution is always g 2 Y M N, forcing the 't Hooft coupling to be large in the small curvature limit relevant to supergravity. In our case there appears to be no such restriction on the 't Hooft coupling. It is thus surprising that in principle one can tune the 't Hooft coupling to be small or large while remaining in the domain of validity of supergravity. However, the large N limit may be rather subtle in this case and this issue is currently under investigation.
Our solution does not have any simple N dependence: there are terms of different orders in N in a 1/N expansion despite the fact that we have taken the decoupling limit. Unlike the AdS 5 ×S 5 case, the 1/N suppressed terms do not come with powers of the Planck scale. Certainly further terms relevant to the asymptotically flat solution will contain the Planck scale, however, it is surprising that the 1/N corrections do not appear to be directly connected to an expansion in the Planck scale.
There are a number of directions which open up from this analysis. One is to consider other intersecting branes which are connected to this configuration through compactification and T-duality. The present system of M5-branes can be viewed as a special case of a more general problem of an M5-brane wrapped on a Riemann surface. The supergravity description of the general problem will be of interest for finding supergravity duals for more interesting field theories, including non-conformal field theories. The solution to the latter problem will be presented in [20] .
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